ODEs - 104285. Semester: Spring. Year: 2011
HW-8. You should do it by June 16-17
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1. A real 3 x 3 matrix A has eigenvector | 4 — 3¢ | corresponding the the eigen-
1474
2
value 37 and eigenvector | 3 | corresponding to eigenvalue (—2). Let z,(t) be the
0
0
solution of the system 2’ = Ax satisfying the initial condition z(0) = | a
1

Find all a € R such that z,(t) is a periodic function. What is its period?
Find all a € R such that z,(t) — 0 as t — oo.

2. Consider the system

zh = 2axy + x9, xh = a4 (a —1)xs.

For which a € R
the equilibrium point 0 € R? is asymptotically stable?

the phase portrait is a saddle? stable node? unstable node? stable focus? unstable
focus? center?

For each of the phase portraits above take any example of a such that the system
has this phase portrait (if a exists) and draw the phase portrait for the chosen a.

3. A function F(z1,x2) is called the first integral of a system z’ = Az, where A

is a 2 X 2 matrix, if F' # 0 and F(x1(t),z2(t)) = const for any solution z(t) =

(21213) If the phase portrait is a center then there exists a first integral of the
2

form F = Az? + Bxixs + C3 (such that each of the phase curves F = const is

an ellipse). Find a first integral for the system z’ = Az where A = (; _11) (the

eigenvalues are £2i). The simplest way is to solve this problem is to express the
condition 2 F(z1(t),z2(t)) = 0 as a system of linear equations for A, B, C.

4. For which real numbers a, b # 0 the system
) = In(zr12s), 5 =ax; —b
has an asymptotically stable equilibrium point?
5. Give an example of a function f(z1) € C*°(R) such that the system
¥y = 1w, w3 = f(21) +a-sin(zs)

has exactly 3 asymptotically stable equilibrium points and exactly 2 equilibrium
points which are not asymptotically stable.



