
EXACT NORMAL FORM FOR (2; 5) DISTRIBUTIONSM. ZHITOMIRSKII1. IntroductionIn this work we present a complete solution of the classical problem, going backto E. Cartan, on the classi�cation of generic (2; 5)-distributions on the level offormal power series.Namely, we de�ne explicitly a set fDC(x)g of (2; 5)-distributions parameterizedby a function C(x1; :::; x5) and a set N of functions of �ve variables such that thefollowing holds:a generic (2; 5)-distribution germ is formally (on the level of formal power series)di�eomorphic to a distribution of the form DC(x); C(x) 2N;two distribution germs DC(x) and D ~C(x) with C(x) ~C(x) 2 N are formally di�eo-morphic if and only if C(x) and ~C(x) have the same Taylor series.Our approach is based on the quasi-homogeneous �ltration with the naturalweights 1; 1; 2; 3;3. The starting points are as follows:� all (2; 3; 5)-distributions (i.e. (2; 5) distributions with the growth vector (2; 3; 5))have di�eomorphic quasi-homogeneous 2-jets;� the classical Cartan invariant is a complete invariant in the classi�cation ofquasi-homogeneous 3-jets of (2; 3; 5)-distributions.I started to think about the possibility to obtain an exact normal form after theRIMS Symposium \Developments of Cartan Geometry and Related MathematicalProblems", Kyoto, October 2005. In this Symposium I heard many beautiful talksrelated to E. Cartan's work [3] written 100 years ago. In particular, the Cartan in-variant was explained in [5, 8] by developing the theory [6, 7] of graded nilpotent Liealgebras associated with di�erential systems and in [9] in terms of the variational-symplectization approach [1, 2]. The coordinate-free constructions of these worksallow to obtain many new invariants, see for example [4, 10]. On the other hand,these constructions do not solve, as far as I know, the problem of complete classi�-cation of generic (2; 5)-distributions, i.e. the problem of �nding a complete systemof independent invariants and realizing them in an exact normal form.I heard the opinion that constructing an exact normal form without coordinate-free invariants, just using certain methods of step-by-step normalization of formalpower series, is a hopeless task. Basing on my own attempts I agree with this opin-ion if step-by-step means normalizing (k+1)-jet with already normalized k-jet andThe work on this paper was supported by the Israel Science Foundation, grant 1356/04.2000 Mathematics Subject Classi�cation 58A30, 58K50, 53A55.Keywords: (2;5) distribution, Cartan tensor, exact normal form, quasi-homogeneity.Submitted: May 1, 2006. 1



2 M. ZHITOMIRSKIIthe k-jet is understood in usual way { the segment of the Taylor expansion includingterms of degree � k. Under such normalization the variables x1; ::; x5 have the sameweights 1. On the other hand it is clear that working with (2; 5)-distributions thenatural weights are 1; 1; 2; 3; 3. I decided to classify (2; 5)-distributions using thequasi-homogeneous �ltration with these weights in the space of vector �eld germs.A quasi-homogeneous degree d vector �eld is a linear combination of quasi-homogeneous monomial vector �elds of degree d. The quasi-homogeneous degree ofa monomial vector �eld x�@=@xi is (�; �)��i, where � = (�1; :::; �5) is the tuple ofweights. This de�nition is natural because it is easy to check that the Lie bracketof quasi-homogeneous vector �elds of degrees d1 and d2 is a quasi-homogeneousvector �eld of degree d1 + d2.With weights 1; 1; 2; 3;3 the Taylor series of vector �elds spanning a (2; 5) distri-bution contains terms of quasi-homogeneous degrees starting with �3. The �rst,rather simple step is to prove that the quasi-homogeneous (�1)-jets of all (2; 3; 5)-distributions are di�eomorphic. I think that to some extend the quasi-homogeneous(�1)-jet is the nilpotent approximation of a (2; 3; 5)-distribution, but I am not readyto develop this claim in the present work.The second, also relatively easy step, is to prove that all quasi-homogeneousterms of degree 0; 1 and 2 can be killed by a change of coordinates and change ofthe frame of vector �elds spanning a (2; 3; 5)-distribution. Therefore all (2; 3; 5)distributions have di�eomorphic quasi-homogeneous 2-jets.The third step is to realize the classical Cartan invariant as follows: it is theonly invariant distinguishing non-di�eomorphic quasi-homogeneous 3-jets. In theoriginal E.Cartan's work [3] this invariant was obtained by rather sophisticatedmanipulations. Within the quasi-homogeneous approach it appears in a naturalway and does not require much calculations. After this step it became clear thatan exact normal form can be constructed.The main �nal results are formulated in section 2. In this paper we do notpresent complete proofs (they will be published elsewhere), but in sections 2-9 allresults are explained and the outline of the proofs is given.Acknowledgements. I am thankful to A. Agrachev, T. Morimoto, K. Yamaguchi,and I. Zelenko for discussions which encouraged me to think about exact normalform. Most of them were hold during the Symposium \Developments of CartanGeometry and Related Mathematical Problems", Kyoto, October 2005. I wouldlike to thank Professor Tohru Morimoto and everyone who helped him to organizethis very important Symposium. I am especially thankful to Professor Goo Ishikawawho invited me to Japan { this allowed me to participate in the Kyoto Symposiumand other mathematical activities in Japan; each of them was fruitful and led tonew interesting research. 2. Main resultsWe work with germs at 0 2 R5 of C1 distributions, but our normal formshold in the formal category, i.e. on the level of formal power series. The Boreltheorem on the realization of any formal power series as the Taylor series of a C1function allows to de�ne the formal equivalence as follows: two germs D and ~D of2-distributions are formally equivalent if there exist a couple of vector �eld germs(V1; V2) spanning D, a couple of vector �eld germs ( ~V1; ~V2) spanning ~D, and a local



EXACT NORMAL FORM FOR (2;5) DISTRIBUTIONS 3C1 di�eomorphism � : (R5; 0) ! (R5; 0) such that the vector �elds ��Vi and ~Vihave the same Taylor series, i = 1; 2. Of course the de�nition remains the same ifone of the frames, either (V1; V2) or ( ~V1; ~V2), is �xed.In subsection 2.1 we present a formal normal form serving for all (2; 3; 5) distri-butions. In subsection 2.2 we explain, in terms of this normal form, the classicalCartan's tensor and Cartan's invariant. In subsection 2.3 we present a formalnormal form for (2; 3; 5) distributions with a non-degenerate Cartan tensor. Thisnormal form is almost exact: it is exact up to a certain discrete group of lineartransformations. A completely exact normal form is presented in subsection 2.4.2.1. Normal form for all (2; 3; 5) distributions. Fix the following couples ofvector �eldsA = 0@A1A21A = 0@ @@x1 + x2 @@x3@@x2 � x1 @@x31A ; B = 0@B1B21A = 0@ x2 � (x1 @@x4 + x2 @@x5 )�x1 � (x1 @@x4 + x2 @@x5 )1A(2.1) N = A+ B(2.2)Fix also the following ideal in the ring of function germs.Notation. By I we denote the ideal in the ring of function germs at 0 2 R5generated by the following monomials of degree 4:x�11 x�22 x�33 ; where �1 + �2 � 2; �1 + �2 + �3 = 4;(2.3) x21x3x4; x22x3x5; x1x2x4x5:(2.4)Theorem A. Any germ at 0 2 R5 of a (2; 3; 5) distribution is formally equivalentto a distribution spanned by a couple of vector �elds of the formN +C(x) � B; C(x) 2 I(2.5)2.2. Cartan invariant. About 100 years ago in the work [3] E. Cartan associ-ated to a (2; 3; 5)-distribution a certain homogeneous degree 4 polynomial of twovariables x1; x2, obtained by rather involved calculations realizing so-called Cartanmethod, and proved that the equivalence class of this polynomial with respect tothe group of linear transformations of the plane R2(x1; x2) is an invariant of thedistribution { it is the same for all di�eomorphic distributions. In terms of nor-mal form (2.5) the Cartan invariant can be de�ned as follows. Note that for anyfunction C(x) belonging to the ideal I one hasC(x1; x2; 0; 0; 0) = P (4)(x1; x2) + o(jj(x1; x2)jj4);(2.6)where P (4)(x1; x2) is a homogeneous degree 4 polynomial.De�nition 2.1. Let D be the germ at 0 2 R5 of a (2; 3; 5)-distribution. Let C(x)be the functional parameter in the normal form (2.5). The homogeneous degree 4polynomial P (4)(x1; x2) de�ned by (2.6) will be called the Cartan tensor of D.The following proposition is \isomorphic" to E.Cartan's result in [3].Proposition 2.2. If two germs at 0 of (2; 3; 5)-distributions are di�eomorphic thenthe corresponding Cartan tensors (according to De�nition 2.1) are linearly equiva-lent, i.e. can be brought one to the other by a non-degenerate linear transformationof the plane R2(x1; x2).



4 M. ZHITOMIRSKIIProposition 2.2 de�nes a modulus (Cartan invariant) in the classi�cation of(2; 3; 5)-distributions - the factor-class of the Cartan tensor with respect to thelinear equivalence. The explanation of this invariant is given in section 8: it isa complete invariant in the classi�cation of quasi-homogeneous 3-jets of (2; 3; 5)-distributions with respect to the natural weights 1; 1; 2; 3; 3.De�nition 2.3. A homogeneous polynomial P (4)(x1; x2) is called non-degenerateif P (4)(x1; x2) 6= A2(x1; x2)B(x1; x2) for any polynomials A(x1; x2); B(x1; x2).It is easy to prove that any non-degenerate homogeneous degree 4 polynomialof two variables can be reduced by a linear change of coordinates to one and onlyone of the polynomials of the set (normal form) P(4);+ [P(4);�, whereP(4);+ is the set of all polynomials of the form x41+�x21x22+x42; j�j > 2 and of theform �x41 � �x21x22 � x42; � > 2;P(4);� is the set of all polynomials of the form x41 + �x21x22 � x42; � 2 R.Therefore in the non-degenerate case the Cartan invariants are represented bythe polynomials of the set P(4);+ [P(4);� and no two di�erent polynomials of thisset represent the same Cartan invariant.De�nition 2.4. We will say that a non-degenerate polynomial P (4)(x1; x2) has apositive (respectively negative) type if it is linearly equivalent to a polynomial ofthe set P(4);+ (respectively P(4);�):2.3. Exact normal form up to discrete group of involutions. In this subsec-tion we give a normal form for (2; 3; 5) distributions with non-degenerate Cartantensor. This normal form is exact up to a certain discrete group of linear transfor-mations.Introduce the following subsets I+0 ; I�0 of the ideal I.The set I�0 of function germs. We will denote by I+0 (respectively I�0 ) thesubset of the ideal I consisting of function germs C(x) 2 I satisfying the followingconditions:1. C(x1; x2; 0; 0; 0) = P (4)(x1; x2) + o(jj(x1; x2)jj4), where P (4)(x1; x2) 2 P(4);+(respectively P (4)(x1; x2) 2 P(4);�);2. The Taylor expansion ofC(x) does not contain monomialsx31x3; x32x3; x41x4; x42x5;3. The sum (respectively the di�erence) of the coe�cients at the monomials x41x3and x42x3 in the Taylor expansion of C(x) is equal to 0.We also need the involutionsi1 : x1! �x1; x2 ! x2; x3 !�x3; x4 ! x4; x5 !�x5i2 : x1! x1; x2 !�x2; x3 !�x3; x4 !�x4; x5 ! x5i3 : x1! x2; x2 ! x1; x3!�x3; x4 !�x5; x5 !�x4Note that the involutions i1; i2 commute and the group generated by these invo-lutions consists of 3 non-identity transformations; the group generated by i1; i2; i3consists of 7 non-identity transformations.



EXACT NORMAL FORM FOR (2;5) DISTRIBUTIONS 5Theorem B.(i). The germ at 0 of any (2; 3; 5)-distribution germ with a non-degenerate Cartantensor of positive (respectively negative) type is formally equivalent to a distributionspanned by a couple of vector �eldsN +C(x) � B; C(x) 2 I+0 (respectively C(x) 2 I�0 ):(2.7)(ii). Two distribution germs spanned by vector �elds N +C(x) � B and N + ~C(x) � Bwith C(x); ~C(x) 2 I+0 (respectively C(x); ~C(x) 2 I�0 ) are formally equivalent if andonly if the Taylor series of ~C(x) can be brought to the Taylor series of C(x) bya linear change of coordinates of the group generated by the involutions i1; i2; i3(respectively the group generated by the involutions i1; i2).2.4. Exact normal form. The action of the discrete group of transformations inTheorem B can be easily \killed" by replacing the set I�0 by a subset (I�0 )# � I�0consisting of function-germs C(x) 2 I�0 whose Taylor series satisfy certain condi-tions of the form of inequalities. To present these condition one has to chose anopen subset O+ (respectively O�) of the set of (2; 3; 5) distributions with a non-degenerate Cartan tensor of positive (respectively negative) type. Consider, forexample, the following open sets.The open sets O� in the space of (2; 5) distribution germs. We denote byO+ (respectively O�) the open set consisting of (2; 3; 5) distribution germs at theorigin satisfying the following conditions:1. The Cartan tensor is non-degenerate and has positive (respectively negative)type;2. Let b1; b2 be the coe�cients at the monomials x21x2x3 and x1x22x3 in the Tay-lor expansion of C(x) in the normal form (2.7). Then b1 6= 0; b2 6= 0; b1 6= b2(respectively b1 6= 0; b2 6= 0).For this choice of O� the set (I�0 )# � I�0 is as follows.The set (I�0 )# of function germs. By (I�0 )# we denote the subset of the set I�0consisting of function germs C(x) 2 I�0 such that the coe�cients b1; b2 at x21x2x3and x1x22x3 in the Taylor expansion of C(x) are positive. By (I+0 )# we denote thesubset of the set I+0 consisting of function germs C(x) 2 I+0 such that the samecoe�cients satisfy the condition b1 > b2 > 0.Theorem C.(i). Any (2; 3; 5) distribution germ in the open set O+ (respectively O�) is formallyequivalent to a distribution spanned by a couple of vector �elds of the formN +C(x) � B; C(x) 2 (I+0 )# (respectively C(x) 2 (I�0 )#):(2.8)(ii). This normal form is exact: two distributions spanned by vector �elds ofthe form N + C(x) � B and N + ~C(x) � B with C(x); ~C(x) 2 (I+0 )# (respectivelyC(x); ~C(x) 2 (I�0 )#) are formally equivalent if and only if the function germs C(x)and ~C(x) have the same Taylor series.



6 M. ZHITOMIRSKII3. Quasi-homogeneityThe explanation of results of section 2 requires the quasi-homogeneous �ltrationin the space of functions and vector �elds with the natural for (2; 3; 5)-distributionsweights 1; 1; 2; 3;3.Fix a coordinate system x1; :::; xn and positive numbers �1; :::; �n which will becalled the weights of x1; ::; xn. In the de�nitions below by quasi-homogeneity wemean quasi-homogeneity with respect to these weights.� The quasi-homogeneous degree of a monomial x� is the number (�; �) = �1�1 +� � �+ �n�n;� The quasi-homogeneous degree of a monomial vector �eld x� @@xj is the number(�; �)� �j .� A function (vector �eld) is called quasi-homogeneous of degree d if it is a linearcombination with numerical coe�cients of monomials (monomial vector �elds) ofquasi-homogeneous degree d. By de�nition the zero function (vector �eld) is quasi-homogeneous of any degree.�The quasi-homogeneous r-jet of a function (a vector �eld) is its r-equivalence class,where the r-equivalence is as follows: two functions (vector �elds) are r-equivalent ifthey have the same segment of Taylor expansions containing monomials (monomialvector �elds) of degree � r. Usually the r-jet will be identi�ed with this segmentof Taylor expansion. The quasi-homogeneous r-jet will be denoted jrqh.One can easily check the following properties.Proposition 3.1. Let f1; f2 be quasi-homogeneous functions of degrees d(f1); d(f2)and let V1; V2 be quasi-homogeneous vector �elds of degrees d(V1); d(V2).(i). f1f2 is a quasi-homogeneous function of degree d(f1) + d(f2);(ii). f1V1 is a quasi-homogeneous vector �eld of degree d(f1) + d(V1);(iii). [V1; V2] is a quasi-homogeneous vector �eld of degree d(V1) + d(V2).4. Convention and notations. The group GIf D is a (2; 3; 5) distribution then in suitable coordinatesD(0) = span(@=@x1; @=@x2); D2(0) = D(0) + span(@=@x3);D3(0) = D2(0) + span(@=@x4; @=@x5):Therefore the natural weights in the study of (2; 3; 5)-distributions are 1; 1; 2; 3;3:Convention. In what follows we work in a �xed local coordinate system x1; :::; x5and �x the weightsweight (x1) = weight (x2) = 1; weight (x3) = 2; weight (x4) = weight (x5) = 3:The quasi-homogeneity means the quasi-homogeneity with respect to these weights.Notation. By V we denote the space of germs at 0 of vector �eld on R5; by V(i)we denote the subspace ofV consisting of quasi-homogeneous degree i vector �elds.Example. Throughout the paper we will use the couples of vector �elds A;B;Nin (2.1), (2.2). One has A;B;N 2 (V(�1))2:



EXACT NORMAL FORM FOR (2;5) DISTRIBUTIONS 7We need few more notations:F: the space of all function germs at 0; F(i) - the subspace of F consisting ofquasi-homogeneous degree i functions;M2;2: the space of all 2� 2 matrices whose entries are function germs, M(i)2;2 - thesubspace of M2;2 consisting of matrices whose entries belong to F(i).G: the group consisting of pairs ((H);�), where (H) 2M2;2 is a matrix-functionsuch that det(H)(0) 6= 0 and � : (R5; 0)! (R5; 0) is a local di�eomorphism.The group G acts in the space V2: ((H);�):� = (H) � ���, � 2 V2. Theproblem of classi�cation of (2; 5)-distributions coincides with the problem of theclassi�cation of the space V2 with respect to this action. Two couples �; ~� 2 V2will be called G-equivalent if they belong to one orbit of the action of G.5. The quasi-homogeneous (�1)-jet.Proposition 5.1. Any couple � 2 V2 spanning a (2; 3; 5) distribution is G-equiva-lent to a couple whose Taylor series has the formN + �(0) + �(1) + �(2) + � � � ; �(i) 2 (V(i))2:(5.1)The couple N 2 (V(�1))2 is the quasi-homogeneous degree (�1) part in (5.1).It satis�es the following conditions:1. The couple of vector �elds N spans a (2; 3; 5)-distribution;2. If V1; :::; V4 is one of the vector �elds of the couple N then [V1; [V2; [V3; V4]]] = 0.It is worth to note that the proof of these properties does not require calculations,they are direct corollaries of Proposition 3.1. I believe that the couple N is thenilpotent approximation of a (2; 3; 5)-distribution, i.e. the nilpotent approximationof a (2; 3; 5)-distribution is its quasi-homogeneous (�1)-jet. Nevertheless this claim,if it is correct, requires additional explanation.6. The stationary group of the (�1)-jet.Subgroups G+ and Symm0 (N )Now we will determine the group of transformations preserving the normal form(5.1). The group G can be decomposed onto three parts { the \negative", the\zero", and the \positive" parts.De�nition 6.1. Let ((H);�) 2G. Write the matrix (H) and the di�eomorphism� in the form (H) = I + (h); � : xi ! xi + �i(x):The subgroups G�;G0 and G+ (the negative, zero, and the positive parts of G)are distinguished by the following conditions, where wi is the weight of xi (w1 =w2 = 1; w3 = 2; w4 = w4 = 3) and i = 1; :::; 5:G�: (h) is the zero matrix and �i(x) is a polynomial containing no terms ofquasi-homogeneous degree � wi;G0: (h) is a constant matrix and �i(x) is a quasi-homogeneous polynomial ofdegree wi;G+: h(0) = 0 and �i(x) is a function with zero quasi-homogeneous wi-jet.



8 M. ZHITOMIRSKIIIt is easy to show that G�;G0 and G+ are subgroups of G and for any g 2 Gone has unique decompositiong = g+ � g0 � g�; g� 2G�; g0 2G0; g+ 2G+:(6.1)Proposition 6.2. Let � be any couple of vector �elds of form (5.1) and let g 2G.If j�1qh (g:�) = j�1qh � = N then the decomposition (6.1) contains no negative part:g� = id. If g 2G+ then j�1qh (g:�) = j�1qh � = N .It is not hard to prove that the group G0 acts in the space (V(i))2, for any i:g 2 G0; � 2 (V(i))2 =) g:� 2 (V(i))2:Notation. By Symm0(N ) we denote the subgroup of G0 preserving N .Proposition 6.2 implies the following statement.Proposition 6.3. Two couples of form (5.1) are G-equivalent if and only if theyare equivalent with respect to the action of the group G+ � Symm0(N ).The group Symm0 (N ) can be calculated. Note that the group G0 contains non-linear transformations. It is not hard to prove that the group Symm0(N ) containslinear transformations only and they have the following form.Proposition 6.4. The group Symm0(N ) is isomorphic to the group of constantnon-singular 2�2 matrices. The isomorphism is as follows: Q! g0Q = ((Qt); LQ) 2Symm0(N ), where Q is an arbitrary constant non-singular 2� 2 matrix and LQ isthe following linear transformation of R5:LQ : (x1; x2)t ! Q � (x1; x2)t; x3 ! (detQ) � x3;(x4; x5)t ! detQ �Q � (x4; x5)t:(6.2)Notations. Given a constant non-singular 2 � 2 matrix Q we will use the no-tation LQ for the linear transformation (6.2) of R5 and the notation g0Q for thetransformation ((Qt); LQ) 2 Symm0 (N ).Proposition 6.4 states that any transformation g0 2 Symm0 (N ) is de�ned by aconstant non-singular 2�2 matrix Q: g0 = g0Q. A priori the transformations of thegroup Symm0 (N ) preserve N = A+ B. By Proposition 6.4 any transformation ofthe group Symm0(N ) is linear, therefore we have the following corollary.Corollary 6.5. Any transformation of the group Symm0 (N ) preserves each of thecouples A;B 2 (V(�2))2.This corollary implies the following statement which will be used in the sequel(it is the key point for the normalization with respect to the group Symm0(N ) �G+after normalization with respect to the group G+).Proposition 6.6. The transformation g0Q 2 Symm0(N ) brings a couple of vector�elds of the form N + C(x) � B to the couple N + C(LQ(x)) � B.7. The infinitesimal operators L(i)N .In this subsection we \forget" about the group Symm0(N ) (till the next sub-section) and present a normal form to which any couple of vector �elds with thequasi-homogeneous (�1)-jet N can be reduced by a transformation of the the group



EXACT NORMAL FORM FOR (2;5) DISTRIBUTIONS 9G+. We present this normal form in terms of in�nitesimal operators de�ned by N .We need the Lie algebra of the group G+ and the exponential map.Notation. By M+2;2 we denote the subspace of M2;2 consisting of 2 � 2 matrixfunctions (h) such that h(0) = 0. By V+ we denote the subspace of V consistingof vector �elds with zero quasi-homogeneous 0-jet.The space M+2;2�V+ can be treated as the Lie algebra of the group G+. Given� = ((h); Z) 2M+2;2 �V+de�ne the 1-parameter family ((Ht);�t) 2 G by the system of ODEsd�tdt = Z(�t); dHtdt = Ht � h(�t)and the initial conditions �0 = id;H0 = I. One can prove that ((Ht);�t) 2 G+.The family ((Ht);�t) will be called the 
ow of �. The map sending � to ((H1);�1)will be called the exponential map:exp :M+2;2 �V+ !G+; exp(�) = ((H1);�1)):Given a couple � 2 V2 de�ne the in�nitesimal linear operatorL� : M+2;2 �V+ ! V2; L�(�) = (d=dt)jt=0(exp(t�)):�:In other words L� is the di�erential of the map G 3 g ! g:� at the point id 2 G.It is easy to calculate L�((h); Z) = (h) � � + [�; Z]:The normalization of couples of vector �elds of form (5.1) is tied with the linearoperator LN .Notation. The restriction of the operator LN to the space M(i)2;2�V(i); i � 1, willbe denoted L(i)N .Since N 2 (V(�1))2 then by Proposition 3.1 the image of the operator L(i)Nbelongs to the space (V(i�1))2. We obtain a one-index family of linear operatorsL(i)N : M(i)2;2 �V(i) ! (V(i�1))2; i � 1;L(i)N ((h); Z)) = (h) � N + [N ; Z]:Proposition 7.1. Let i � 1 and let � = ((h); Z) 2 M(i)2;2 � V(i). Let � be anycouple of vector �elds with the quasi-homogeneous (�1)-jet N . Thenji�1qh (exp�):� = ji�1qh � + L(i)N (�):This proposition easily implies the following corollary.Proposition 7.2. Fix any complementary subspaces W(i�1) for the image of theoperator L(i)N in (V(i�1)2:(V(i�1))2 = Image(L(i)N )�W(i�1); i � 1:Any couple of form (5.1) is formally G+-equivalent to a couple of the formN + ~�(0) + ~�(1) + ~�(2) + � � � ; ~�(i) 2W(i):(7.1)If �(0); :::; �(s) 2 W (i) then the couple (5.1) is formally G+-equivalent to (7.1)with ~�(0) = �(0); :::; ~�(s) = �(s):



10 M. ZHITOMIRSKIIIn view of Propositions 7.1 and 7.2 it is worth to answer the following questions:for which i the operator L(i)N is surjective? injective? To guess the answer let us�nd the di�erence 4i = dim(V(i�1))2 � dimM(i)2;2 �V(i)between the dimensions of the target and the source space of the operator L(i)N .One can expect that if 4i < 0 then the opeartor L(i)N is surjective and its kernelhas dimension j4ij, and if 4i > 0 then the operator L(i)N is injective. Theorem 7.3below con�rms that this is true. Note thatdim(V(i)) = 2dimFi+1 + dimF(i+2) + 2dimF(i+3); dimM(i)2;2 = 4dimF(i)(recall that F(i) denotes the space of quasi-homogeneous degree i functions). Itfollows 4i = 3dimF(i+2) � 2dimF(i+3):Calculating dimF(i) we obtain the following tablei dimF(i+2) dimF(i+3) 4i1 8 13 �22 13 20 �13 20 31 �24 31 44 55 44 64 4� 6 ... ... � 24Table 1. The di�erence 4i between thedimensions of the target and the sourcespace of the operator L(i)NThis table explains (though of course does not prove) the followingProposition 7.3.(i) The operator L(i)N is surjective if and only if i � 3.(ii) The operator L(i)N is injective if and only if i � 4. One hasdimKerL(1)N = 2; dimKerL(2)N = 1; dimKerL(3)N = 2:8. Quasi-homogeneous 3-jet. Cartan invariant.The complementary subspace for the image of the operator L(4)N in (V(3))2 canbe easily calculated. Table 1 suggest that it is 5-dimensional.Lemma 8.1. (V(3))2 = Image(L(4)N )� fP (4)(x1; x2) � Bg, where P (4)(x1; x2) is anarbitrary homogeneous degree 4 polynomial of two variables.This lemma and Propositions 7.2 and 7.3 imply that the quasi-homogeneous3-jet of any couple of vector �elds with the quasi-homogeneous (�1)-jet N is G+-equivalent to a quasi-homogeneous 3-jet of the form N + P (4)(x1; x2) � B, whereP (4)(x1; x2) is a homogeneous degree 4 polynomial. Using Proposition 7.1 it is nothard to prove a stronger statement.



EXACT NORMAL FORM FOR (2;5) DISTRIBUTIONS 11Proposition 8.2. The quasi-homogeneous 3-jet of a couple of vector �elds withthe quasi-homogeneous (�1)-jet N is G+-equivalent to one and only one of thequasi-homogeneous 3-jets of the formN + P (4)(x1; x2) � B;(8.1)where P (4)(x1; x2) is a homogeneous degree 4 polynomial.According to our de�nition in section 2 the homogeneous degree 4 polynomialP (4)(x1; x2) in this normal form is called the Cartan tensor. In order to explain thisde�nition we have to analyze the action in the space of quasi-homogeneous 3-jetsof the whole group G.Recall that by Proposition 6.3 two couples of vector �elds with the quasi-homoge-neous (�1)-jet N are G-equivalent if and only if they are equivalent with respectto the action of the group Symm0(N ) �G+. Let g0 2 Symm0(N ). By Proposition6.4 g0 = g0Q for some non-singular constant 2 � 2 matrix Q. By Proposition 6.6the transformation g0Q brings a couple of the form N + C(x) � B to the coupleN + C(LQ(x)) � B. If C(x) depends on x1; x2 only then C(LQ(x)) is the functionobtained from C(x) by the linear transformation of R2 with the matrix Q. Weobtain the following statement.Proposition 8.3. Let Q be a non-singular constant 2 � 2. The transformationg0Q 2 Symm0(N ) brings a couple of vector �elds of form (8.1) to the couple ofthe form N + ~P (4)(x1; x2) � B, where ~P (4)(x1; x2) is the polynomial obtained fromP (4)(x1; x2) by a linear transformation with the matrix Q.This means that the group Symm0(N ) preserves the normal form (8.1). Propo-sitions 5.1, 8.2 and 8.3 imply the following statement on the classi�cation of quasi-homogeneous 3-jets with respect to the whole group G.Proposition 8.4. The quasi-homogeneous 3-jet of a couple of vector �elds span-ning a (2; 3; 5) distribution is G-equivalent to a quasi-homogeneous 3-jet of form(8.1). Two quasi-homogeneous 3-jets of this form, with Cartan tensors P (4)(x1; x2)and ~P (4)(x1; x2), are G-equivalent if and only if the Cartan tensors can be broughtone to the other by a linear non-degenerate transformation of the plane R2(x1; x2).Proposition 2.2 is a part of Proposition 8.4. Proposition 8.4 implies that theCartan invariant (see section 2.2) is a complete invariant in the classi�cation ofquasi-homogeneous 3-jets of (2; 3; 5) distributions.If the Cartan tensor P (4)(x1; x2) is non-degenerate and has positive (respectivelynegative) type then it is linearly equivalent to one and only one of the polynomialsof the set P(4);+ (respectively P(4);�), see section 2.2. Therefore the exact normalform for the quasi-homogeneous 3-jets is as follows.Proposition 8.5. The quasi-homogeneous 3-jet of a couple of vector �elds span-ning a (2; 3; 5)-distribution with a non-degenerate Cartan tensor of positive (respec-tively negative) type is G-equivalent to one and only one of the quasi-homogeneous3-jets of the form N + P (4)(x1; x2) � B; where P (4)(x1; x2) 2 P(4);+ (respectivelyP (4)(x1; x2) 2 P(4);�):



12 M. ZHITOMIRSKII9. Proof of Theorems A,B,C (outline)To prove Theorem A we calculate the complementary subspace for the imagesof the operator L(i)N in (V(i�1))2 for any i � 1. LetW(i�1) = nC(x) � B; C(x) 2 F(i) \ Io ; i � 1;(9.1)where I is the ideal de�ned in section 2.Proposition 9.1. (V(i�1))2 = Image(L(i)N ) �W(i�1); i � 1:Remarks. Lemma 8.1 is a particular case of Proposition 9.1 { the space F(4) \ Iis exactly the space of homogeneous degree 4 polynomials P (4)(x1; x2). Note thatW(0) = W(1) = W(2) = f0g because any function in the ideal I has zero quasi-homogeneous 3-jet. Therefore Proposition 7.3, (i) is a corollary of Proposition 9.1.Theorem A is a direct corollary of Propositions 5.1, 7.2, and 9.1. Theorem C isa simple corollary of Theorem B. In what follows we give the outline of the proofof Theorem B. At �rst we reduce Theorem B to the following statement.Proposition 9.2.(i) Any couple of vector �elds whose quasi-homogeneous 3-jet has the formN + P (4)(x1; x2) � B with P (4)(x1; x2) 2 P(4);� is G+-equivalent to a couple of theform N + C(x) � B, where C(x) 2 I�0 (either all signs are + or all signs are �).(ii) This normal form is exact with respect to the group G+: two couples of theform N +C(x) � B and N + ~C(x) � B with C(x); ~C(x) 2 I+0 or C(x); ~C(x) 2 I�0 areformally G+-equivalent if and only if the Taylor series of C(x) and ~C(x) coincide.Here I�0 is the set of function germs de�ned in section 2.3. Theorem B, (i) is adirect corollary of Propositions 8.5 and 9.2, (i). Theorem B, (ii) is almost logicalcorollary of Proposition 9.2, (ii), the results of sections 6 and 8, and the followingobservations:1. It is easy to show that the linear transformation of R2 with a matrix Q preservesa polynomial of the set P(4);+ (respectively P(4);�) if and only if Q belongs to thegroup generated by the matricesQ1 = ��1 00 1� ; Q2 = �1 00 �1� ; Q3 = �0 11 0�(respectively to the group generated by the matrices Q1; Q2).2. It is clear that LQ1 = i1; LQ2 = i2; LQ3 = i3; where i1; i2; i3 are the involutionsde�ned in section 2.3.3. The involutions i1; i2 preserve I+0 and I�0 . The involution i3 preserves I+0 .The proof of Proposition 9.2 is based on the in�nitesimal-quasi-homogeneoustechniques for the normalization of a couple of vector �elds with a �xed quasi-homogeneous 3-jet N + �(3). Fix, as in section 7, a complementary subspace W(i)for the image of the operator L(i+1)N in (V(i))2: (V(i))2 = Image(L(i+1)N ) �W(i):Let �i : (V(i))2 ! W(i) be the projection according to this direct sum. Recallthat by Proposition 7.3, (ii) the operators L(1)N ;L(2)N ;L(3)N have kernels of dimension2; 1; 2 and the kernels of the operators L(i)N , i � 4 are trivial. The latter is the mainpoint in the proof of Theorem 9.2.



EXACT NORMAL FORM FOR (2;5) DISTRIBUTIONS 13Given �(3) 2 (V(3))2 consider the following three linear operators:T(i)N ;�(3) : KerL(i)N !W(i+3); T(i)N ;�(3) (�) = �i+3L�(3)(�); i = 1; 2; 3:(9.2)Here L� is the in�nitesimal operator de�ned by � 2 (V)2, see section 7. Fixcomplementary subspaces U(i) for the images of these operators in W(i+3):W(i+3) = �Image T(i)N ;�(3)��U(i+3); i = 1; 2; 3:Proposition 9.3. Fix �(3) 2 (V (3))2.(i) Any couple of vector �elds with the quasi-homogeneous 3-jet N +�(3) is formallyG+-equivalent to a couple of the formN + �(3) + �(4) + � � � ; �(4) 2U(4); �(5) 2U(5); �(6) 2U(6); �(i�7) 2W(i):(9.3)(ii) If the operators (9.2) are injective then this normal form is exact with respectto the group G+: two couples of form (9.3) are formally G+-equivalent only if theyhave the same Taylor series.Now to prove Proposition 9.2 one has to analyze operators (9.2) with �(3) =P (4)(x1; x2) � B; where P (4)(x1; x2) 2 P(4);�.Proposition 9.4. Let �(3) = P (4)(x1; x2) � B; where P (4)(x1; x2) 2 P(4);�. LetW(i) be the subspaces (9.1) (see Proposition 9.1).1. The operators (9.2) are injective.2. W(i+3) = Image�T(i)N ;�(3)���C(x) � B; C(x) 2 F(i+4) \ I�0 	 (the sign in I�0 isthe same as the sign in the assumption of the proposition).Theorem 9.2 is a direct corollary of Propositions 9.3 and 9.4.References[1] A. Agrachev, Feedback-invariant optimal control theory and di�erential geometry. II. Jacobicurves for singular extremals. J. Dynam. Control systems 4, 1998, 583-604[2] A. Agrachev, I. Zelenko, Geometry of Jacobi curves, J. Dynamical and Control Systems, 8,2002. Part I: no. 1, 93-140, part II: no. 2, 167-215[3] E. Cartan, Les systemes de Pfa� a cinq variables et les equations aux derivees partiellesdu second ordre. Evres completes, Partie II, vol, 2, Paris, Gaitier-Villars, 1953, 927-1010;reproduced from: Ann. Sci. Ecole Normale 27, 1910, 109-192[4] B. Doubrov, I. Zelenko, Canonical frame for nonholonomic rank two distributions of maximalclass, C.R. Acad. Sci. Paris, Ser. I, 342, no.8, 2006, 589-594[5] T. Morimoto, Geometric structures on �ltered manifolds, Hokkaido Math. J., 22, 1993,263-347[6] N. Tanaka, On di�erential systems, graded Lie algebras and pseudo-groups, J. Math. KyotoUniv. 10, 1970, 1-82[7] N.Tanaka, On the equivalence problems associated with simple graded Lie algebras, HokkaidoMath. J., 8, 1979, 23-84[8] K. Yamaguchi, Di�erential Systems Associated with Simple Graded Lie Algebras, AdvancedStudies in Pure Mathematics 22, 1993, 413-494[9] I. Zelenko, Fundamental form and Cartan's tensor of (2;5)-distribution coincide, J. Dynamicaland Control Systems 12, no. 2, 2006, 247-276[10] I. Zelenko, Variational approach to Di�erential Invariants of Rank 2 Vector Distributions,Di�erential Geometry and Its Applications 24, no.3, 2006, 235-259Department of Mathematics, Technion, 32000 Haifa, IsraelE-mail address : mzhi@techunix.technion.ac.il


